Hanbing Fang Homework 12 MAT324: Real Analysis

Problem 10D,4
Suppose T is a bounded operator on a Hilbert space V and U is a closed subspace of V. Prove that the
following are equavalent:

e U,U*t are invariant subsapces for 7.
e U,U*' are invariant subspaces for T

o GRE 2 T

Proof. a <= b: Let a € U, we know that for any b € U6.L, < T*a,b >=< a,Tb >= 0 thus T*a € U which
means that U is T* invariant. Similar assertion holds for U-L.

a — c: For any a € V, we can assume its decompostion is @ = b+ ¢,b € U,c € U+. Then

TPy(a) = T(b) = PyT(b) = PyT(b+ c) = P,T(a).

¢ —a: ForanyacUbe U™,
<Ta,b >=<TPya,b >=< PyTa,b>=0,

which implies T'a € U. Other assertion follows similarily. O

Problem 10D,7
Suppose T is a self-adjoint compact operator on a Hilbert space but only has finitely many distinct
eigenvalues. Prove that 7" has finite dimenisonal range.

Proof. This follows directly from 10.106. [

Problem 10D,12
Suppose T is a compact operator on a Hilbert space . Prove that s1(T) =||T||.

Proof. Recall that
1T = ”SIH11_>1IITSL'H~

and also 10.113. We know that ||T*T|| =||T||?>.For any x € V with norm 1, decompose
r=xp+ < T,e1 >e1+ <TI0 >€2+ ...
as in 10.113, where eg is in null of 7. Then

oo o0
| T*Tx||? :Z| <z ep > si? < S%ZI <zep>|*<si
k=1 k=1

with equality holds when x = e;. This finishes the proof. [

Problem 10D,17
Suppose T is a compact operator on a Hilbert space with singular value decomposition

Tf:Zsk < f,ex > hy,
keQ
for all f € V. Prove that
T*fz Zsk <f,h1C > eg

keQ
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for all f e V.

Proof. Following the proof in 10.113, we know that

T*Tek 826k
T*hk = =" — Sk€L.
Sk Sk

And if v € V such that < v, hy >= 0 for any k, then < T*v, e;, >= 0 which implies T*v = 0.S0

T*f:T*(Z <f,h;€ >hk): Z <f,hk >T*hk:ZSk <f,hk > eg

keQ ke ke

O

Problem 11A.,4
Suppose f € LY(dD), z € D and f is continuous at z. Prove that

lim(Pf)(2) = £(2)

Proof. Following the proof in 11.18, we find we only need to show that

lim [F(C) = f(2)|Pr(2€) = 0

™1 J{¢ceaD:|¢—z|>6}

This is easy to see since on the integral domain, P,(z¢) uniformly converges to 0 so we can use dominated
convergence theorem to finish the proof. [

Problem 11A.,6
Prove that for each p € [1,00), there exists f € L(9D) such that

oo

Y )P =co

n=—oo

Proof. Theorem 3.3.4 in Loukas Grafakous’ book ”Classical Fourier Analysis” is a stronger result. Interested
people can find the construction there. [

Problem 11A,10
Suppose f : 9D — C is three times continuously differentiable. Prove that for all z € 9D,

o0

fl(z) =4 Z nf(n)z".

n=-—oo

Proof. Follow the proof in 11.27, three time differentiable implies for all z € 9D,

o}

Y Inf(n)z"| < oo

n=—oo

Then apply the Possion summation formula to f[1] and recall 11.26 (f1)(n) = inf(n), this finishes the proof.
(The proof is word by word as in the proof of 11.27.) O
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Problem 11A,12
Define f: 9D — R by
1 Imz>0
f(z) = 0 Imz=0
-1 Imz <0

Show that if n € Z, then '
A =2 n odd
0 n even

Show that for r € [0,1),z € dD,

2 2rlmz
P, = —arctan ———
(P-f)(2) —arctan ——
o Verify lim,41 (P, f)(2) = f(z) for every z € 0D.
e Prove that P,.f does not converge uniformly to f on dD.
Proof. e When n is even, by symmetry, the integral is zero. when n is odd,
fn) /’T cosnt—isinntdt /0 cosmﬁ—isinntd7f —2i
n)= —_—m — —_— [ —
0 2m o 27 nmw

e From 11.11, we know that

—92 ) Vi 2k+1 _ (n5)2k+1 ) oI
(P f)(z) = Z pinl —Zon = 2 Z (r2) (r2) = % arctan 2%
U

— 2
= nm — 2k +1 71' 1—r
o This is obvious.
e Let n be any positive integer. For 1 —r = %, set z such that I'mz > 0, 2{5772'2 =1, then |1 — f(2)| = %
This shows that the convergence is not uniformly.

O



